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Abstract. We study the complex Monge- Ampere operator on compact 
Kahler manifolds. We give a complete description of its range on the set 
of 0-psh functions with L 2 -gradient and finite self-energy, generalizing 
to this compact setting results of U.Cegrell from the local pluripotential 
theory. We give some applications to complex dynamics and to the 
existence of Kahler-Einstein metrics on singular manifolds. 
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Introduction 

Let X be a compact connected Kahler manifold, dime X = k, equipped 
with a Kahler form 0. Given a positive Radon measure /lonl, we want to 
study the complex Monge- Ampere equation 

[MA](X,0,n) (0 + ddV) fe = M, 

where ip, the unknown function, is such that V := + dd c ip is a positive 
current. Such functions are called 0-plurisubharmonic. We refer the reader 
to [16] for their basic properties. Here d = d + d and d c = ^=(d — d). 

An obvious necessary condition to solve [MA] is that /jl(X) = Vol (X) := 
f x $ k - I n the sequel we always assume has been normalized so that 
Vol (X) = 1, hence we only consider probability measures. Trying to solve 
[MA] one immediately faces two problems. The Monge- Ampere operator 
0^ is not well defined on the set PSH(X, 0) of all 0-psh functions, hence 
one has to restrict to subclasses of 0-psh functions. In the whole article we 
only consider 0-psh functions with L 2 -gradient: this is the class 8(X,0), on 
which the Monge- Ampere operator is well-defined when k = dime X = 2, as 
was already observed by E.Bedford and A.Taylor in [4] (see [7] for a more 
recent account). 

The second problem is that solutions to [MA] are far from being unique, 
e.g. if fi charges points. One has to further restrict to subclasses of £ (X, 0) 
in order to give an interesting description of the range of the Monge- Ampere 
operator. The first and cornerstone result in this direction is due to S.-T.Yau 
[25] who proved (see also [1]) the following 

Theorem 0.1 (Yau 1978). If fi is a smooth volume form, then there exists 
a unique ip £ PSH(X,0) n C°°(X) such that 

k t 

V = [i and sup(/9 = — 1. 
x 

This is the solution to a celebrated conjecture of E.Calabi [8], and it has 
important consequences in differential geometry (see [22], [23]). 

1 



2 



VINCENT GUEDJ & AHMED ZERIAHI 



^From the point of view both of complex geometry and pluripotential 
theory, it is important to solve [MA] for singular measures fi. A major 
contribution was made by S.Kolodziej [18], [19], who proved the following 
result. 

Theorem 0.2 (Kolodziej, 1998). If n = f0 k has density f G L P (X), p>l, 
then there exists a unique <p G PSH(X, 0) n C°(X) such that 

k = [i and sup p = — 1. 

x 

For applications in complex geometry and complex dynamics one needs to 
allow unbounded solutions p to Monge- Ampere equations [MA] with more 
singular measures fx (see [12], [13] and [2], [15]). This is the main goal of 
this article. We consider the subclass £ 1 (X,0) of 0-psh functions ip such 
that 0^ is well defined and for which ip G L 1 (0^). Our main result gives a 
full characterization of the Monge- Ampere operator on this class. 

Theorem 0.3 (MAIN THEOREM). There exists a unique ip G S 1 (X,0) 
such that 

0p = /i and supp = —1. 

x 

if and only if£ 1 (X,0) C L 1 (//). 

The class £ l (X, 0) contains many unbounded functions, however these are 
not too singular (e.g. they have zero Lelong numbers), as follows from the 
condition p G L 1 (0^ ) ). A similar result was proved by U.Cegrell [9] in a local 
setting (for bounded hyperconvex domains in C"). Our work originated 
from an attempt to understand Cegrell classes in the global context of 0-psh 
functions on compact Kahler manifolds. We would like to emphasize that 
surprinsingly the global and the local theory are quite different: 

-There is no boundary condition in the compact setting. Integration by 
parts are much simpler, as well as compactness arguments. In particular 
Monge- Ampere masses are uniformly controlled by Vol (X) = 1. 

-The counterpart is that one looses the homogeneity of the Monge- Ampere 
operator 0^. If p g PSH(X, 0) then Ip G PSH(X, 0) for < / < 1 but not 
for I > 1, and one has to get control on mixed terms 2 ,0 A 0^,0^,, due to 
the affine part of 0^ = + dd c p. This is an important source of difficulty. 

In the major part of the article we restrict ourselves to the case of complex 
surfaces [k = 2) because it greatly simplifies both the definition of the 
Monge- Ampere operator and the computations. However most of our results 
hold on any fc-dimensional compact Kahler manifold, as we explain in section 
7.1. We also assume throughout the article that is a Hodge form, i.e. a 
Kahler form with integer cohomology class. In this case one can easily 
regularize 0-psh functions with no loss of positivity (see Appendix in [16]). 
All our results are true when is merely a Kahler form, but our estimates 
then have to be modified by a uniform constant. 

We now describe the contents of the article more precisely. In section 1 
we define and study the class £ (X, 0) of 0-psh functions whose gradient is 
in L 2 (X). We then define the Monge- Ampere operator 2 in section 2 and 
prove basic continuity results. The class <S 1 (X, 0) is introduced in section 
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3. It is a starshaped convex set, stable under taking maximum (proposition 
3.2). These properties are established through integration by parts which are 
justified thanks to an important continuity result (Theorem 3.1). We also 
prove (Theorem 3.4) that solutions to the Monge-Ampere equation [MA] 
are unique -up to an additive constant- in the class £ 1 (X, 0). 

In section 4 we define and study several intermediate classes £ P (X, 0), 
p > 1. Not only are they interesting in themselves, but we need to solve 
first [MA] with solutions in £ P (X, 0), p > 1, before producing solutions in 
£ l (X, 0). We prove our main result (Theorem 5.1) in section 5 where we 
give a complete characterization of the range of the Monge-Ampere operator 
2 on each class £ P (X, 0), p > 1. In section 6 we give several examples of 
functions in £ P (X, 0) and measures of Monge-Ampere type by linking these 
integrability properties to the size of the sublevel sets (ip < —t), estimated in 
terms of the Monge-Ampere capacity Cap . Finally in section 7 we describe 
how to adapt our arguments to higher dimension and give some applications 
to complex dynamics and to the existence of Kahler-Einstein metrics on 
singular manifolds. 

\. The gradient of qpsh functions 

^From now on - until section 7 - we assume X is a compact complex 
projective surface (i.e. of complex dimension 2) and is a Hodge form on 
X normalized so that Vol (A) := J x 2 = 1. Recall that 

PSH(X,0) :={p£ L 1 (X)/dd c ip > -0 and ip is u.s.c. } 

is the set of 0-psh functions (see [16]). We set 

S(X,0) := e PSH(X,0) / ^ e ^(0 A0 ip )} 

and 

W^ 2 {X) := {if £ L 2 (X) /Vip G L 2 (X)} , 

endowed with the Sobolev norm ||<^||wi,2 = ||</?||i,2 + ||V</?||£2. To simplify 
notations all L p -norms are computed with respect to the volume form 2 
unless otherwise specified. Here the L 2 -norm of the gradient simply means 

l|V^|| L 2 := (^j dipAd c <pA0 

We shall denote £(X, 0) by £ when no confusion can arise. Recall that every 
0-psh function can be approximated by a decreasing sequence of smooth 0- 
psh functions (see Appendix in [16]). This motivates the following 

Lemma 1.1. Let <pj,(p £ £ (X, 0). 

1 ) If <pj decreases towards ip, then ipj —>■ (p in the Sobolev W 1,2 -norm. 

2) If ipj —> <p in the Sobolev W 1,2 -norm, then ipj0 ipj — > ^0^ and d<pj A 
d c (pj — > dip A d c ip in the sense of currents. 

Proof. Assume first that ipj — > ip in the Sobolev norm. Then dipj A d c ipj — > 
dip A d c ip and ipjd c ipj — ► ipd c <p in L 1 hence in the sense of currents. Let 9 be 
a smooth test form. We get 

< (pjdd c ipj,6 >=< d<pj A d c ipj,6 > — < ipjd c ipj,d9 >^< (pdd c ip, 6 >, 

thus ipj0 t p j — > ip0 v in the sense of currents. 
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Assume now ipj decreases towards p. By the monotone convergence the- 
orem, ipj — > (p in L 2 , so the question is whether V(<^j — <p) — > in L 2 . We 
have 

/ d(pj-p)Ad c (pj-p)A0 = / —{ipj—tp)(0 ipj —0 l p)A0< / (ipj—ip)0 ip A0. 
JX JX ' JX 

Now (fj — ip G L 1 (0 () 3 A 0), so it follows from the monotone convergence 
theorem again that f x {<Pj — y>)0<p A0->O. □ 

In the sequel we shall implicitly make computations on smooth approxi- 
mants and then pass to the limit by using lemma 1.1. 

Proposition 1.2. One has 

£{X, 0) = PSH(X, 0) n W 1 ' 2 (X). 
Moreover £(X,0) is a closed subspace of W 1,2 (X). 

Proof. Let tp G PSH(X,0). We can assume w.l.o.g. tp < 0. Let us recall 
that a 0-psh function is L p -integrable for all p > 1 and has gradient in L p 
for all p < 2 (see [17] and inequality (2) below). It follows therefore from 
Holder inequality that pd c p is a well defined current of degree 1 with L 1 
coefficients. Observe that 

d ((pd c p) + p0 = dip A d c ip + (p0<p, 

where one of the currents on the right hand-side is well defined as soon as 
the other is. It follows therefore from Stokes theorem that 

0< / {-<p)0 v A0 = \\<p\\ L i + / d<pAd c (pA0. 
JX JX 

Thus tp G £(X, 0) iff V<p G L 2 (X). 

Clearly if tpj G £(X,0) converges in the Sobolev VF 1,2 -norm towards ip 
then ipj — > (p in L 2 so that G PSH(X,0) and V99 G L 2 (X) so that 
tp G £ (X, 0), i.e. £{X, 0) is closed in W 1 ' 2 {X). □ 

Proposition 1.3. 

1) If tp,ip G £(X,0) then ip G -L 1 (0 l/5 A 0). Therefore 0^ A 0,/, is a we// 
defined probability measure. 

2) The set £(X, 0) is star-shaped and convex. 

3) Assume tp,ip G PSH(X,0) with ip < ip. If tp G £(X,0) i/ien V G 
0). /n particular £(X,0) is stable under taking maximum. 

Proof. Fix tp,ip G £. We can assume Y> < 0. By Stokes theorem and Cauchy- 
Schwarz inequality, we get 

0< J (-Y>)0 V A = J{-ip)0 2 + J(-ip)dd c <pA0 
= J {-ip)0 2 + y dip Ad c tp A0 

< j {-ip)0 2 + (^j dip Ad c ip A0^j ■ d(p Ad c tp A0 

The current 1^0^ is therefore well defined, hence so is 

V A 0^ := A V + dd c {ip0 v ) . 



1/2 f r ^ 1/2 

< +00. 
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This yields a probability measure, as can be seen by approximating <p and 
ip by smooth approximants and by using lemma 1.1. 

We now show that £ is convex. Given ip, ip G £ , it suffices to check that 
u = (ip + ip)/2 also belongs to £. By symmetry we only need to show that 
ip G L 1 {0 U A 0). Since U = (0^ + 0^)/2 and ip G -L 1 (0 (fO A 0), this boils down 
to check that ip G L 1 (0^, A 0), which is nothing but 1.3.1. 

Assume ip & £ and / G [0, 1]. Then l<p G PSH(X, 0) since 0^ = 10^ + (1 — 
Z)0 > 0. Also V(Z</?) = ZV</? G L 2 (X), hence G £ , i.e. £ is star-shaped. 

It remains to prove 3). Let <p,ip G PSH(X,0) with ip < ip. We assume 
again ^ < 0. It follows then from Stokes theorem that 

< / (-^)0v> A < / (-v?)0</, A = / (-v?)0 2 + / (-ip)dd c ip A 

= / (^-(p)0 2 + / (—1p)0tp A 

Jx Jx 

< Il^-Vlki + / (~V)0 V A0. 
Jx 

Therefore 99 G £ => ip G 5. □ 

Examples 1.4. 

L°°(X)nPSH(X,0) c £(X,0). 
Indeed £ obviously contains constant functions and if ip G PSH(X, 0) is 
bounded from below by some constant C then ip £ £ by the previous propo- 
sition. Alternatively it may be useful to note the following inequality: if 
< p> < 1/2, ip G PSH(X,0), then 

dd c (p 2 ) = 2dp A d c p + 2ipdd c ip > -0 

hence tp 2 G PSH(X, 0) mi/i 



ll^Vllia = I dfpA<F<pA0<^J 0^A0=^ 



More generally if x '■ R - > ^ satisfies x" > and < %' < A on ip(X), 
i/ien x V 9 £ £(^> ^0) since 

(1) dd c (x p) = x" A d c </3 + x' o ipdd c p. 

2) If p G PSH(X,0) is bounded near some ample divisor D, then ip £ £. 
Indeed let 0d be a Kdhler form cohomologous to [D] , the current of integra- 
tion along D. Integrability against is equivalent to integrability against 0b', 
for simplicity we assume 0£> = 0. We can find 0' a smooth positive closed 
(1, 1) form cohomologous to such that 0' = outside some small neighbor- 
hood V of D where ip is bounded. Fix x > smooth such that = 0' + dd c x 
and assume w.l.o.g. ip < 0. Then 

0< / (-(p)0 ip A0 = / ( — (p)0 [ p A 0' + / {-ip)0, p Add c x 
Jx Jx Jx 

< |M|l-(v) / P A0'+ / x0^A(-ddV) 

Jx Jx 

< IMk~(y) + llxlk-(x) < +00, 

since —dd c ip < 0, x0ip > and J x 0^ A 0' = f x V A = f x 2 = 1. 
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These examples are analogous to the psh functions with compact singu- 
larities introduced and studied by N.Sibony [21] in the local theory (see the 
survey article [11] and references therein). 

3) If V is the current of integration along some complex hypersurface H 
of X then p = — oo on H hence (p £ £. One can also produce examples of 
functions ip G PSH(X, 0)\£ which have zero Lelong number at all points: let 
<p[z : zi : z 2 ] = log |«o | - log ||(^o, z 1: z 2 )\\ - 1 < -1. Then tp G PSH(¥ 2 , 0), 
where denotes the Fubini-Study Kahler form on X = P 2 . If < a < 1 
then —(—(p) a G PSH(P 2 ,0) and a straightforward computation shows that 
— {—ip) a G £(P 2 ) iff < a < 1/2. 

One can generalize example 1.4.3 as the following proposition shows: 

Proposition 1.5. Assume ip G PSH(X,0), p < —1 and fix < a < 1/2. 

Then — (—<p) a G £(X, 0). In particular every locally pluripolar set is 
included in the — oo locus of a function in £(X,0). 

Proof. Set (p a := — (— ip) a = where x(t) = — (— t) a . We assume first 

< a < 1. Observe that < x' ol P < " < 1 and x" °<P = a(l — a)(-tp) a ~ 2 > 
so that by (1), <p a G PSH(X,0) with 

f 1 1 

(2) < / -t, — dip Ad c ipA0< < +oo. 

-} x {-<p) 2 ~ a * Y ~ 1 - a 

It is well-known that the gradient Vip of a 0-psh function ip is in L p for all 
p < 2 (but does not belong to I? in general, see example 1.4.3). Inequality 
(2) shows, more precisely, that V(/? belongs to a weighted version of L 2 . 

Observe now that d<ppNd c pp = f3 2 (-(p) 2 ~ 2l3 dipAd c (p. If we set (3 = a/2 < 
1/2, it therefore follows from (2) that 

(3 2 

dip/3 A d c (pp A < - _ ^ < +oo, 

so that ipp G f (X, 0). □ 

This proposition implies, together with proposition 1.3, the following: 

Corollary 1.6. Let ip G £(X,0). Then the measure 0^ A does not charge 
pluripolar sets. 



2. The complex Monge- Ampere operator 

The complex Monge-Ampere operator 2 can be easily defined for func- 
tions ip G £ (X, 0). This was already observed by Bedford and Taylor in the 
local context (see [4], [5]). Indeed if p G £(X,0) then we set 

2 := A V + dd ^^). 

This is a well defined current of maximal bidegree (2, 2) which happens to 
be a probability measure (proposition 1.3.1). This operator is continuous 
on decreasing sequences, as follows from lemma 1.1. 

In the context of quasiplurisubharmonic functions, convergence in the 
Sobolev norm and weak convergence are almost the same as the following 
result shows. 
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Theorem 2.1. Let (pj,(p £ £(X,0). Assume there exists ip 6 £(X,0) such 
that (fj > if) for all j £ N. Then the following are equivalent: 

1) (fj — > ip in W 1 ' 2 {X). 

2) (fj — > ip and <Pj0 l p j — ► v?0<^ i/ie sense of distributions. 

3) (fj ^ ip in the sense of distributions and j p>j0 Vj A — ► J 920^ A 0. 

Proof. Observe that 1) =>- 2) follows from lemma 1.1 and 2) =>■ 3) is obvious. 
So it remains to prove 3) =>■ 1). It is a standard consequence of quasi- 
plurisubharmonicity that ipj — > 99 weakly iff </?j — ► 99 in L 2 ; moreover for 
all lim sup (ar) < y>(cc) with equality off a pluripolar set (see [17]). 

Assume this is the case. It follows that (<pj) is uniformly bounded from 
above. We can assume ipj,<p < 0, hence our assumption yields a uniform 
bound 

(3) tp < (fj < fj — ip < — f. 

A repeated application of Stokes theorem yields 

0< / d(ip - ipj) A d c (ip - (fj) A = / -(ip - <Pj){0<p - 0<p.) A 
./a Ja 

= / (ip-tpj)0 2 + 2 / (y>j — 93)0^ A + / (<f0(p — Pj0tp j ) A 0. 
Ja Ja Jx 

The first integral converges to since <£>j ^ in I 2 . The last one also by 
assumption 3). Thanks to (3) we can apply Fatou's lemma and get 



/ (fj ~ <P) 
Jx 



lim sup / ((fj — (p)0<r, A < 0, 



hence actually f x (<Pj — <P>)0<p A — > and ipj — > ip in W 1,2 (X). □ 

Corollary 2.2. Iffj £ £(X,0) increases towards ip £ £(X,0), then ipj — > </? 
m £/ie Sobolev W 1,2 -norm, hence 2 — ► 2 . 

Proof. Assume (</?j) £ £ is an increasing sequence which converges in L 2 
towards ip. Then <Pj(a;) — ► <p(x) at every point of X \ P, where P is a 
pluripolar set (see [5]). We can assume w.l.o.g ipj < ip < 0. 
Fix p £ N and consider indices j > p. Then 



(-ip j )0 ipj A < / (-<^p)0 w A = / (-<Pj)0<p p A + / - V9 p )0 . 

JX JX ix 

Since <Pj(x) / ip(x) at 0^ A (and 2 ) almost every point x, we infer 

lim sup / (-ipj)0 (pj A0 < / (-^)0^ P A0+ / (ip - ip p )0 2 = / (—(p p )0 ip A0. 
Ja jx Jx jx 

Now ip p y ip as p — ► +00 with pointwise convergence V A 0-almost every- 
where. This shows 

limsup / (-ipj)0ipj A < / (-<p)0<p A 0. 
Jx Jx 

It follows that the sequence of positive currents (—ipj)0 Vj has uniformly 
bounded mass. Let S be a cluster point of this sequence. We have just 
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shown US') | < 1 1 (—99)0^11. We claim S > (—ip)0 (p . Indeed if 9 > is a 
positive test form, then 

< ip j (pj ,9 ><< ip0 Vj ,9><< ip £ n ,9 >, 

where ip £ denotes smooth 0-psh functions that decrease towards ip. Since 
lfij weakly converges towards 0^, we infer, 

< S, 9 > > < (-ip £ )0 (p , 9 >^< (-ip)0 ip ,9 >, 

therefore S = (p0 v , i.e. <Pj0 t p j — ► V 90 ^- By theorem 2.1 this shows ipj — > <~p in 
the Sobolev W 1,2 -norm. □ 

In [16] we have started to study the Monge-Ampere capacity associated 
to which is defined as follows: 

Cap {K) := sup |y 2 u / u £ PSH{X, 0), < u < 1 

where K is any Borel subset of X. This capacity vanishes on pluripolar sets, 
more precisely Cap ((p < —t) < C^/t for every fixed 0-psh function ip. This 
estimate is sharp in the sense that Cap {ip < —t) > C'/t when V is the 
current of integration along an hypersurface. However when ip belongs to 
S(X, 0), one can establish finer estimates as the following proposition shows. 

Proposition 2.3. Assume ip € £ (X, 0). Then there exists > such that 
for all t > 0, 

C 

Cap (<p < -t) < 

Proof. We can assume w.l.o.g. ip < 0. Fix u 6 PSH(X, 0) with — 1 < u < 0. 
By Chebyshev inequality, 

/ 0l < 75 / V 2 0« = i / + / ^ 2 A cM c u + / v? 2 (icf u A U 

J(<p<-t) t Jx t IJ X J x J x 

So we need to get an upper bound on the last two integrals that is uniform 
in u. We first get a bound on I u = f x cp 2 A dd c u. Observe that 

-dd c (ip 2 ) = -2d<p A d°ip + 2(-ip)dd c ip < 2(-<p)0 v . 
It follows therefore from Stokes theorem that 

I u := I udd c (p 2 A0 <2 / (—u)(—ip)0 lfi A < 2 / (—92)0^ A 0. 
Jx Jx Jx 

Similarly one gets 

II U : = / Lp 2 dd c u A0 U <2 / (-ip)0 v A 

Ja 

<2 (-v?)0^A0 + 2 / (-u)0 2 < 2 / (-ip)0 v A0 + 2. 
Jx Jx Jx 

We infer 



Cap (tp < -t) < 



/ ip 2 2 + 4 / (-¥>)0 V A + 2 
Jx Jx 



□ 
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Our aim in this paper is to describe the range of the Monge-Ampere 
operator on various subclasses of £ (X, 0). It is an interesting open question 
to obtain a description of the set of probability measures 

M(X,0) :={0l/<pe£(X,0)}. 

One can ask for instance if every probability measure on X belongs to 
M (X, 0) ? One of the difficulties lies in the lack of uniqueness of solutions 
ip G £ (X, 0) to the equation 2 = /j,, as the following example shows. 

Example 2.4. Let = 0ps be the Fubini-Study Kdhler form on X = P 2 . 
Let be the origin in some affine chart € C 2 C P 2 . We use (z±,Z2) 
as affine coordinates in C 2 and let [zq : z\ : Z2] denote the homogeneous 
cooordinates on P 2 . Consider 

(f[z :z 1 :z 2 ]:= / log \a1Z1 + a 2 z 2 \du(a) - log \\{z Q , zi, z 2 )\\, 

where v denotes a probability measure on the Riemann sphere P 1 = {a = 
[eti : 02]}- Then p> G PSH(P 2 , 0) and tp G £(P 2 , 0) iff v has finite self-energy 
(i.e. if its potentials have gradient in L 2 ). Assume this is the case. Observe 
that log \a±Zi + 02-^2! is harmonic on each radial line through the origin, 
except at the origin, to conclude that 

2 = Sq := Dirac mass at point G C 2 C P 2 . 

Thus the set of solutions {p G £(P 2 ,0) / 2 = 5o} has infinite dimension 
and contains a subset isomorphic to PSH(F 1 ,0 P i) n W 1,2 (P 1 ), where 0pi 
denotes here the Fubini-Study Kdhler form on the Riemann sphere P 1 . 

In the remaining part of this article, we are going to define and study 
several subclasses of £ (X, 0) on which solutions of Monge-Ampere equations 
are essentially unique. This is the key to the description of the range of 2 
on these classes. 

3. The class S 1 (X,0) 

Our main subject of interest in the sequel is the following class of qpsh 
functions, 

£\X, ) :={pe£(X,0)/peL 1 (0l)}. 

When no confusion can arise, we shall simply denote ^(X, 0) by £ 1 . 

Of course bounded 0-psh functions belong to S 1 . We will exhibit in ex- 
amples 6.3 below unbounded functions that belong to S 1 . These however 
have mild singularities: it follows from a result of J.-P.Demailly [11] that if 
p G £ has positive Lelong number at some point a G X, then 2 has some 
positive Dirac mass at point a, so that ip cannot be integrable with respect 

tO 2 . 

Before establishing basic properties of the class £ 1 , we start by proving a 
useful continuity result. 

Theorem 3.1 (Continuity). Let pj G £ 1 {X, 0) be a decreasing sequence. 
Then the sequence {Jxi~fj)^%j)5 ^ s bounded if and only if <p := lim \ ipj G 
^(X, 0), and in this case 

(— (/9j)0 2 . — ► (— p)0 2 ip in the weak sense of currents. 
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Proof. We can assume w.l.o.g. that ipj < 0. Observe that 

< / {-ipj)0 2 = I (-(Pj)0 2 + / difj A d c (pj A + / d<fj A cf <£>j A 0^,.. 

Jx Jx 

Since A d c ifj A 0^ > 0, it follows that (ipj) has bounded Sobolev norm, 

hence ipj — > tp in the Sobolev W ' -norm (so ip G S°(X,0)) and 0^,. -► 2 

by Theorem 2.1. 

Assume first that the sequence {Jx(~ l Pj)^>j) ^ s bounded. Let v be a 
cluster point of the sequence of positive measures (— <$j)0 lf> . . It follows from 
standard arguments that (—(p)0 2 o < v, hence, in particular, 92 G <S 1 (X, 0). 
Indeed we can find smooth 0-psh functions (<p^) e >o that decrease towards 
ipj as e \ 0. Let % > be a test function, then for j > p, we obtain 

< (-<Pj)*l i ,X>>< (-<P P )0l j ,X>>< (-Vp)0j i ,X>. 

thus 

< V, X > > < (-¥>p)0£, X >^< X > — ► < X >, 

by the monotone convergence theorem. 

We now show that v and (—(p)0 2 o have the same mass. This will prove 
that v = (—92)0^ is the unique cluster point, hence ifj0 2 , j — ► 920^,. Since 
— <Pj < —V) it follows from Stokes theorem that 

J (-W^lj - J x ^~^ lj = J fa ~ A &<Pj + J (-<Pj)0 v A 0^- 

The first integral converges to since \ \cpj — (p\\yyi,2 — > 0. We estimate the 
last one by using Stokes theorem again, 

/ (-(Pj)0 v A0 Vj < / (-<p)0 v A0 lfij < / (<Pj-<p)0A0 v + / (~<p)0%. 

Jx Jx Jx Jx 

Since f x (<fj — 92)0 A 0^ — ► 0, we infer 

i/pf) < hmsap J (-(pj)0l. < J (~<p)0l- 

Conversely if ip G £ 0), the proof above shows that 

limsup / {-tpj)0i. < / (-<p)0i < +00, 
Jx Jx 

hence the sequence (f x (—ipj)0 2 o .) is bounded and (fj0 2 Oj — ► V?0^,- D 

We shall make constant use of theorem 3.1 in what follows. Indeed every 
function 92 G is the decreasing limit of a sequence of smooth functions 
(fj G £ x such that f {—^Pj)0 2 Oj is bounded. We can thus perform integration 
by parts in the class S 1 by working first with smooth approximants. This 
will be implicit in our forthcoming computations. 

Proposition 3.2. 

1 ) Let 92 G £ 1 {X, 0), ip < 0, i/ien 

/ {-<p)0 2 < / (-¥>)0 A 0^< / (-p)0j. 
Jx Jx Jx 

2; If ip,ip G ^(^0) then£ 1 {X,0) C ^(0^0^). 



MONGE- AMPERE OPERATORS ON COMPACT KAHLER MANIFOLDS 11 

3) The set S 1 (X, 0) is a star-shaped convex. 

4) Assume p,ip £ PSH(X,0) with p < ip. If ip € S 1 (X, 0) ifoen ^ £ 
0). In particular S 1 (X , 0) is stable under taking maximum. 

5) Let p e £ 1 (X, 0), ip < 0. If p £ L 2 (0 ip A 0), i/ten <fy? A d c p A 0^ is a 
we// defined positive measure whose total mass is bounded by 



/ dp Ad c p A0 ip < / {-p>)0%. 
JX JX 



Proof. Let p € £ l (X, 0) with p < 0. Assume first that 99 is smoooth. 
Observing that dp A d c p A 0^ is a positive measure, we infer from Stokes 
theorem that 



/ (-p>)0A0 L p< \ {—p)0 A0 ip + \ dp A d c p A 0^ = / (-p) 
JX JX JX JX 



A similar use of Stokes theorem yields the second inequality. The general 
case now follows by regularizing p and by using theorems 2.1 and 3.1. This 
proves 1). 

Let p,tp,u G £ 1 {X, 0). That V A 0^ is a well defined probability measure 
follows from proposition 1.3. We can assume, w.l.o.g. that p,ip,u < 0. We 
are going to show that u 6 L 1 (0 V , A 0^) by proving 

J x (- u )0<p A n < 6M > M : = max (J^~^ l f x (-^) l~> //~ n ) «) ■ 

By theorem 3.1 we can assume p,ip,u are smooth. Observe first that by 
Stokes theorem, 



/ 



< 



(— u)0 ¥ , A 0^ = J (— u)0 A 0^ + J du A d c p A 0^ 

J {—u)0 A 0^ + tin A cfii A 0^ (_/ ^ A A 
where the last inequality follows from Cauchy-Schwarz inequality. Now 
du A d c u A 0ip = / (—u)dd c u A 0^ < / (— u)0 u A 0^. 



On the other hand it follows from Cauchy-Schwarz inequality again together 
with 3.2.1 that 

J {-u)0 A 0^ = J (-u)0 2 + J du A d c ip A < 2M. 

It suffices therefore to prove J x (— p)0 ip A 0^ < AM. 

We decompose again 0^ = + dd c ip and integrate by parts to obtain 



J {-p)0 v A0 i) <M + M 1/2 (^j (-^)0^ A 
If J (—ip)0ip A 0^ < M we are done, otherwise this yields 

(4) j\-p)0 v A0 % b<2M 1 / 2 Q\-7p)0^A0^J 



1/2 
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Similarly we obtain 

J (-ip)0Tp A V < M + M 1/2 (^j (-(p)0 v A 0^j 
Either f (—99)0^ A 0^ < M and we are done, or this yields 

(5) [(-ip)0 i ,f\0 lfi <2M 1 / 2 ([(-i P )0 v A0^ 



Finally (4) and (5) yield the upper-bound /(— 99)0^ A 0^ < AM. This ends 
the proof of 2). 

Now 3) follows straightforwardly from 2), as in the proof of proposition 
1.2.2. We turn to 4). Assume 99 < ip < with 99 G E 1 . Then 



< J (_^) 2 < J (_^) 2 = y (_^) A 0^ + y (-■ 
< / (—(f)0 A 0^ + (-ip)0 (p A0^. 



c cpA- 



Going on integrating by parts, using defy? < V , —ip < —ip and 4.2.1, we 
end up with 



o< <*J (-v)0 2 v , 



which proves 4). 

It remains to prove 5). Let 99 j be smooth approximants of 99 and compute 

dtpj A dVj A 0^. = {r<Pj)0%. - (-<Pj)0 A Vj - dd c Q^ w 

Thanks to theorem 3.1, all the terms on the right hand side converge if 
ip G 6 l and 99 G L 2 (0 A 0^). This shows that the measure dip A d c 99 A 0^ 
is well defined in this case. Note that it is positive as a limit of positive 
measures. Moreover if 99 < 0, then (—99)0 A 0^ > 0, hence 

d<pAd c ipA0 ip < / (-ip)0l. 
Jx 

□ 

Similar arguments as above now yield the following continuity result, 
whose proof is left to the reader. 

Theorem 3.3. The operator 

((p,ip,u) ^ U0 ip A 0^ 

is continuous under decreasing sequences in E 1 (X, 0). 

There is uniqueness of solutions to the Monge- Ampere equation in the 
class S 1 as the following result shows. 

Theorem 3.4 (Uniqueness). Let ip,ip 6 E(X, 0) be such that 2 = 2 . If 
tp G £ 1 (X, 0), then tp — ip is constant. 
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Proof. We first assume that ip belongs to £ 1 (X, 0) as well. Set / = ip—ip and 
h = (<p + V)/2 € S 1 (X,0) (proposition 3.2). We assume w.l.o.g. ip,ip < 0. 
We are going to prove that V/ = by establishing the following inequality 



(t) / dfAd c fA0< I dfAd c fA0 h 
Jx Jx 



+4^ dfAd c fA0 h ^j 1 -(J dhAd c hA0f\ 1 . 

Observe that each integral on the right hand side is finite thanks to propo- 
sition 3.2 if ip € L 2 {0 ip A 0) and ip G L 2 {0^ A 0). Observe also that this yields 
the desired result in this case since 

[ dfAd c fA0 h = [ {-f)dd c fA0 h = l - f (-/)( 2 _ 2 )=O , 
J X J X J X 

if 2 = 0^ .When ip ^ L 2 {0 ip A 0) or ip ^ L 2 {0^ A 0),we use smooth approxi- 
mants <£>j , ipj and observe that 

I dhj A d c hj A hj < J (-hj)0 2 hj < 4 J {-h)0 2 h 

J X J X J X 

and 

J dfj A d c fj A hj = X - J tyj - <pj) (0%. - 0^) — ► 

as follows from theorem 3.3. 

We now establish (f). Note that dfAd c fA0 = df Ad c f A0 h -df Ad c f Add c h, 
hence integrating by parts in the last term yields 

/ df Ad c f A0= df Ad c f A0 h + df A d c h A (0^ — 0^). 
Jx Jx JX 

Now it follows from Cauchy-Schwarz inequality that 

J dfAd c hA0 lf < 2 ^y dfAd c fA0 h ^j ' ■ (^j dh A d c h A 0h^j ' . 

A similar control on f x df A d c f A 0^ yields (f ). 

It remains to prove that ip indeed belongs to £ 1 (X, 0). We can assume 
■ip, if < 0. Observe first that ip G L x (0^ A 0^): 

o< / (-Y>)0v A 0^ = / (9? - VO0v A + / (-^0^ < +°° 

Jx Jx Jx 

since 0^ = 2 and <^ G £ 0). We infer 

(-#4= / (~^)4= / (-^)0A0^+ / {-^)dd c i P A0 tp 
Jx Jx Jx 

< J (-tp)0A0 (p + (^J dtp A d c ip A 0^ (J dip A d c ip A 0^\ 

< Jj,-ip)0A0 v + ^jf(-0)0^ A0pj ' (X^ _ ^ ^) <+ °°- 



□ 
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Remark 3.5. The idea of the proof of this uniqueness result goes back to 
E.Calabi [8] who used the positivity of df A d c f A (0^ + 0^,) when 0^,0-^ 
are Kdhler forms. The proof given above is a variation on an argument of 
Z.Blocki [6] who proved the uniqueness in case (p,ip are bounded. 

The next lemma will be quite useful in section 6. It gives a necessary 
condition for a probability measure to be the Monge- Ampere of a function 
that belongs to the class S 1 . 

Lemma 3.6. Let fi be a probability measure on X. Then £ 1 (X, 0) C L 1 ^) 
if and only if there exists C M > such that for all functions ip 6 PSH(X, 0)fl 
L°°(X) normalized by sup^ ip = — 1, one has 

1/2 



Proof. One direction is obvious. If there is such an inequality for all bounded 
0-psh functions, then the inclusion S 1 C L l (n) follows from theorem 3.1. 

Conversely assume the inequality is not satisfied, i.e. for all j € N, one 
can find a bounded 0-psh function <pj such that sup^ ipj = — 1 and 

Assume first that the sequence f (—(pj)0^,. < M is uniformly bounded from 
above. We set then ip := Ylj>i^~ 3( Pj- This is a well defined 0-psh func- 
tion (as a decreasing sequence of 0-psh functions which does not converge 
uniformly towards — oo thanks to the normalisation sup^ ipj = —1). Now it 
follows from the estimate in the proof of proposition 3.2.1 that 

(-vo<4 - 6su p / (-Pj) ^ < +°° 

j>l Jx 

hence ip £ £ 1 , while J (—ip)d[x = +oo by the monotone convergence theorem. 
Assume now Mj := J(— <pj)0^ — > +oo. We set ipj := £j<pj, where Ej = 

M- is chosen so that f (— ipj)0^. < M is uniformly bounded. Indeed a 
straightforward computation yields 



J (-i>j)0% < £j J ("^)0 2 + 2e, 2 J (-<pj)0 A V . + e) j {-^M 



± e) J (-<pj)0l. < M, 

because j{—ipj)0 2 is uniformly bounded since sup^ ipj = —1 and 
J (—ipj)0 A lfij < f(—(pj)0^.. We set now ip := J2^~ J ipj- This is a well 
defined function in S 1 such that 

J (-ip^dfx = ej j (-<pj)d^ > 2> £j (| {-^)0%)j ' =2K 

Thus J {—ip)diJ, = +00, so that S 1 is not included in □ 

When jj, = 0^ is the Monge- Ampere of a function ip G £ 1 (X, 0), it follows 
from proposition 3.2 that S 1 (X, 0) C hence there exists > such 
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that for all functions p £ PSH(X, 0) n L°°(X) normalized by sup^ <p = — 1, 
one has 



o< /(- 

Jx 



-<P) 



4. The classes £ p (X, 0) 
In this section we fix a real number p > 1. 

Definition 4.1. VFe Zei 0) denote the set of functions p G £(-X", 0) 

swc/i £/taf £/iere exists a sequence pj £ PSH(X,0) r\L°°(X) with 

PjXp and sup ( / \ipj\ p 0l I < +00. 

When no confusion can arise, we shall simply denote £ P (X, 0) by £ p . 
Similar classes were introduced by U.Cegrell in the local context [9] as gen- 
eralizations of the classical notion of subharmonic functions of finite energy. 
Observe that £(X,0) = £°{X,0) D £ P (X,0) D £ q (X,0) whenever p < q. 
When p = 1 this definition is equivalent to the one we gave in section 3, 
thanks to theorem 3.1. When p > 1 we of course get the inclusion 

£ p (X,0)c{<pe£(X,0)/<peIf(0l)}, 

however the reverse inclusion is not clear: we don't know how to produce 
a decreasing sequence with uniformly bounded energies. Indeed a delicate 
point in the analysis of the classes £ p is that we don't know if a continuity 
result similar to theorem 3.1 still holds. We shall prove a weaker property 
in theorem 4.4 below, but we need first to establish some useful inequalities. 

Lemma 4.2. Let tp, tp G PSH(X, 0) n with ip < tp < 0. Then 

1) < j x (-p) p 2 < j x (-p) p A0,< j x {-pf0% ■ 

2) 0< J x (-^) p A 0^ < (p + 1) J x (~p) p A V . 

3) O<S x (-^ p 0l<(p+lff x (-p) p 0l. 

Proof. It suffices to establish these inequalities when p, ip are smooth. In- 
deed one can approximate p, ip by decreasing sequences of smooth 0-psh 
functions and then use classical continuity results of E.Bedford and A.Taylor 
[5]. 

In the sequel we thus assume p, if) are smooth. Observe that dp A d c p A T 
is a positive measure whenever T is a smooth (1, l)-form. It follows therefore 
from Stokes theorem that 

I {-p) p 0% = I (-p) p 0A0 ip +p I (-p) p ' 1 dpAd c pA0 v > I (-p) p 0A0 ip 
J X J X J X J X 

and, similarly, 

/ (-p) p 0A0 v = [ {-p) p 2 +pt {-p) p ~ l dpAd c pA0> [ (-p) p 2 . 
Jx Jx JX JX 

This proves 1). Now observe that 
-dd c {-p) p = p{-p) p - l dd c p - p(p - \){-p) p - 2 dp A d c p < p(-p) p ^0 v . 
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It follows therefore from Stokes theorem that 



J (-V) p A 0v, <J {-<p) p A 0^ = J (-¥>)V + J {-ip)[-dd c (-cp) p } A 
< [(-<p) p 2 + p f(-^) p A0 ip <(p+1) f(-^) p A ¥ 



which proves 2). The proof of the third inequality is similar and is left to 
the reader. □ 

Corollary 4.3. Let ip G £ P {X,0). Let G PSH(X,0) n L°°(X) 6e any 
sequence decreasing towards ip. Then 



[ \*j 
Jx 



Proof. Let be a sequence of bounded 0-psh functions which decreases 
towards ip and with bounded energies. We can assume w.l.o.g. that <p>j,ipk < 
for all j, k. We fix k and consider the sequence $j := max(i^j, ip^) G 
PSH(X, 0) n This is a sequence of uniformly bounded 0-psh functions 
such that 3>j J. f/'fc as j — ► +00. It follows therefore from classical continuity 
results of Bedford and Taylor that {—®j) p 0% — > {—'<Pk) p 0f k - Now ^? - 
so it follows from lemma 4.2 that 



/ (-Vfc)0^ = .j™ / (-^■) P 0j J - < (P + l) 2 sup / (-^) p 



2 



□ 



Recall that a sequence of 0-psh functions (ipj) converges in capacity to- 
wards (p G PSH(X, 0) if for all e > 0, 

Cap (\<fj -<p\ > e) — ► 0. 

Following [24] we now show that convergence in capacity implies convergence 
of Monge- Ampere operators. 

Theorem 4.4. Let ip G £ P (X, 0) and let (ipj) be a sequence of 0-psh func- 
tions that converges in capacity towards ip. If sup (J* \pj\ p 0^_. ) < +00, then 
for all q < p, ipj G £ q (X, 0) and 

Proof. The result is true, even with q = p, when the functions ipj are uni- 
formly bounded (see [24]). We are going to reduce to that case by considering 

tp( k ) := max(<£>, — A;) and ip^ := max(<£>j, — k). 

Let x be a test function. We want to show that < (— (fj) q 0^ , % >^< 
(— (^) <? 0^, x >• Decomposing in the obvious way, this boils down to establish 
good upper bounds on 

/ (-^, / (-^f)v W5 / (-^^ 

J(tpj<-k) Hfj<-k) *i J(v<-k) 

that are uniform in j. By Chebyshev inequality we get 

C 



;) q 0i. < 
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We make a similar use of Chebyshev inequality on the two other integrals. 
Now it follows from lemma 4.2 and corollary 4.3 that 



□ 



Note that if tpj G PSH(X,0) n decreases towards then <£>j 

converges towards </? in capacity with sup J \ipj\ p 0^. < +oo (by corollary 
4.3). It follows therefore from theorem 4.4 that lemma 4.2 holds whenever 
ip, ip are in £ P (X, 0). 

Corollary 4.5. Lemma 4-2 holds with (p,ip G £ P (X, 0). /n particular £ p (X , 0) 
is stable under taking maximum. 

Proof. Theorem 4.4 and lemma 4.2 show that lemma 4.2 holds for any ex- 
ponent q < p and for any fixed function <p G £ P (X,0). Now letting q 
increase towards p yields the conclusion thanks to the monotone conver- 
gence theorem. This shows in particular that if ip G £ P (X, 0)) and ip < ip, 
ip G PSH(X,0), then ip G £ P (X,0)). Thus £ P (X,0)) is stable under taking 
maximum. □ 

Proposition 4.6. 

1) If ip,ip G £ P (X, 0), then the probability measure V A 0^ satisfies 

£ P (X,0) C L p (0^ A0^). 
i?j TTte set£ p (X,0) is a star-shaped convex. 

3) If ip G £ P (X, 0) is suc/i i/tai 93 G L p+1 (0A0 ¥ ,) ; i/ien i/ie positive measure 
{—ip) p ~ l dip A <i c <p A V is well defined and has total mass 



(-ipf-'dip A d c ip A0,p < - I {-^f0%. 

P J X 



Proof. Assume <p,ip G £ p . In particular ip, ip G £ so 0<o A 0^, is a well defined 
probability measure. Let u G £' p ; we assume w.l.o.g. u,(p,ip < 0. We are 
going to give an upper bound on J (—u) p lf A 0^ which only depends on 
/(— u) p 2 u , j(—<p) p 0^, /(— ip) p 0^- Using theorem 4.4 it suffices to establish 
this bound when u,ip,ip are smooth. Recall that —dd c (—u) p < p(—u) p ~ 1 u 
and J (— k) p A 0^ < J (—u) p u A 0^, so it follows from Stokes theorem and 
Holder inequality that 

J {-u) p ip A0if, = J {-u) p A 0^ + J (-ip) [-dd c (-u) p ] A 0^ 



<(p+l) 



(-ti) P u A 0^ 



1-1/p 



max 



(-n) p u AO^; / (-v?) p 0„ A 



Reversing the roles of u, ip we infer 



J (—u) p ip A 0^ < (p + l)p-i max ^ (-u) p u A0^,; ^ (-^) p 0, 
Thus it suffices to get an upper bound when u = ip. We set 



M := max 



| (-ip) p 0l; J {-1PY0I 
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We use our last inequality with u = ip to obtain 

J (-V0% f\H<(P+ l)M l ~ l ' p max |M; ^ (-<^) 3 
Reversing the roles of 99 and ip, this yields 

(-99)% a jfy < (p + 1) Am, 



0^ A 0^, 



/< 



which proves 1). 

As in the proof of proposition 1.3.2,we infer straightforwardly from 1) that 
£ p is a star-shaped convex. When (p € L p+1 (0 A V ), the positive current 
(— (p) p+1 v , is well defined and we compute 

^-jr dd c [(-tp) p+1 0<p] = pi-iff^dip A d c <p A 0^ - (-^) p 0^ + (-<£>)% A 0. 

This allows us to define (— ip) p ~ l dp> A d c (/? A V as soon as p > 0. It then 
follows from Stokes theorem that 

/ {-ip) p 0% =p (-ifY^dip A (Ftp A 0„ + / (-</?)% A 0, 
./a ii ja 

which yields the desired upper bound 3). □ 

The next lemma is analogous to lemma 3.6; it will be quite useful in 
section 5 as it gives a necessary condition for a probability measure to be 
the Monge- Ampere of a function that belongs to £ p . 

Lemma 4.7. Let jj, be a probability measure on X. Then £ P (X,0) C L p (p>) 
if and only if there exists C > such that for all functions ip £ PSH(X, 0) n 
L°°(X) normalized by sup x <P = — 1, one has 

p 

< J (-ipfdn < C (J (-^4) ■ 

The proof is very similar to that of lemmas 3.6. We leave it to the reader. 
We end this section with a result that will be crucial when solving Monge- 
Ampere equations in the next section. 

Theorem 4.8. Let ipj < be a sequence of functions in £ P (X,0) such that 

SUp / (-ip j ) P 2 < +OO. 

jefi Jx 

Assume ipj — > tp in L 1 {X). Then <p G £ P (X, 0). 
// moreover f x \ipj - ip\0^. -> 0, then 0*. -> 0^ . 

Proof. The bounded 0-psh functions 

( V 

■ipj := sup max [ip^, —k] 
\k>j J 

decrease towards ip. Since ipj > ipj, it follows from corollary 4.5 that 
supj f(-ipj) p 0^. < +00, therefore ip £ £ P (X,0). 
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We assume now that J \ipj — l p\0 2 LPi — > 0. Passing to a subsequence if 
necessary, we can assume J \ipj — <p\0 2 ^ j < 1/j 2 - Consider 

$j := max(ipj,if - 1/j) € £ P (X, 0). 

It follows from Hartogs' lemma that <£j — ► 99 in capacity, hence 0^. 



by theorem 4.4. Thus we need to compare 0$ and 0^. . It follows from a 
classical inequality of J. -P. Demailly [11] that 



0L > 1{^>^-i/j} • 2 



Let Ej denote the set X \ {<pj > ip — i.e. Ej = {ip — <pj > 1/j}. Our 

assumption implies that lE j 2 Oj — ► 0, indeed 

0< / 0%. < j f \v-Vj\0l. < -• 
JEj Jx 3 

Therefore < 2 . < 0%. + o(l), hence 2 = limo^. □ 

5. Range of the complex Monge- Ampere operator 

In this section we prove our main result. This is the following 

Theorem 5.1. Let \x be a probability measure on X and p > 1. 
Then there exists a unique function ip £ £ P (X, 0) such that 

jj, = $L and supip = — 1 
x 

if and only if £ P {X,0) C D>(ji). 

This result follows straightforwardly from lemmas 3.6, 4.7 together with 
the following theorem (applied with a = p/(p + 1)). 

Theorem 5.2. Fix p > 1, < a < 1 and C > 0. Let n be a probability 
measure such that for all functions ip £ PSH(X, 0) n L°°(X) with sup x <P = 
-1, one has 



o< j x {-vYdn<c(J x {-vY 



Then there exists a unique function ip G £ V (X, 0) s.t. \i = 0^, sup x ip = —1- 

The uniqueness of the solution ip, once normalized by sup^ ip = — 1, 
follows from theorem 3.4. The proof of the existence will occupy the rest of 
this section. The strategy of the proof is as follows: 

• We approximate fj, by smooth probability volume forms fij using 
local convolutions and a partition of unity. 

• We invoke Aubin-Yau's solution of the Calabi conjecture to find 
uniquely determined 0-psh functions tpj such that /J,j = 0^. and 
sap x (pj = -1. 

• Since 0-psh functions <p normalized by sup^ <p = —1 form a compact 
subset of L 1 (X), we can assume that ipj — ► ip in L 1 (X). 

• The integrability condition on \i guarantees sup,,- J (—ipj) p 2 o . < +00, 
hence yields ip G £ P (X, 0). 
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• The delicate point is then to show that 0^. — > 2 . This is done by 
showing that J \ipj — <p\d(ij — > and invoking theorem 4.8. here we 
use the integrability assumption again with p > 1 in order to show 
first that J ifjdfi — > J <^<i/x. 

• The case p = 1 deserves special treatment. 

Here follow the technical details. Let {J7j} be a finite covering of X by 
open sets Ui which are biholomorphic to the unit ball of C 2 . In each Ui we let 
[I*?* := my. *x.e denote local regularization of ixm. by means of convolution 
with radial nonnegative smooth approximations Xe of the Dirac mass. Let 
{6i} be a partition of unity subordinate to {Ui} and set 



Y^e^ u £ ;+e 3 n 



where £j \ and Cj f 1 is chosen so that Hj(X) = 1. Thus the /ij's 
are smooth probability volume forms which converge weakly towards fj,. It 
follows from the solution of the Calabi conjecture [1], [25], that there exists 
a unique function ipj G PSH(X,0) n C°°(X) such that 



H = l, and sup^ = -l. 

1 x 



Recall from proposition 1.7 in [16] that J 7 := {ip G PSH(X,0) / sup x 99 = 
— 1} is a compact subset of L 1 (X). Passing to a subsequence if necessary, 
we can therefore assume ipj — > ip in where </? G PSH(X,0) with 

sup x (/? = -1. 

Lemma 5.3. There exists C > 1 sttc/i i/mi /or all j G N, 

J X J X 

In particular ip G £ P (X, 0). 

Proof. Since Cj — > 1 and £j — > 0, we can write 

where 

f Oii-wYdtf; = f 9 i *Xe j {-^j*Xe j Yd ll + 0{\). 
J X J Ui 

Now ipj = u l j — ji in Ui, where 7$ is a smooth local potential of in Ui and 

-u* is psh in U{. Therefore — u\ * Xej < ~ u 'j' while 7« * and 0j * Xej both 
converge uniformly towards 7$ and 6>j. We infer 

/ <9i*X ej -(-Vi*X ej -) p dM< / fli(-^) p dA* + o(l) 

| (-^)^ = / {-VjYtl, < J (- Vj ) p d^ + o(l). 
he integrability assumption we m 

supf / {- Vj f0 2 \ <+CX), 



hence 



It follows now from the integrability assumption we made on [i that 

l-Q 
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which yields the lemma. □ 

We now would like to apply theorem 4.8 to insure that fi = 0^. For this 
we need to assume p > 1 in order to use the following: 

Lemma 5.4. Assume p > 1. Then 

/ ifjdfi — > / ipd/i and / \ipj — (p\dfij — > 0. 
ix ix ix 

Proof. When the <£>j's are uniformly bounded, the first convergence follows 

from standard arguments (see [9]). Set 



^ := m.&x(ipj, —k) and ip^ := max(92, —k). 



L 



We will be done with the first convergence if we can show that f \ pr- 
<Pj\d/j, — > uniformly in j as k — ► +oo. This is where we use the assumption 
p > 1. Namely 

< / x Itf > - W W < 2 /^(-W)* < £<-<*>**. S 

It remains to prove a similar convergence when /i is replaced by fj,j. It 
actually suffices to consider the case of measures jj^ := fJ.\u*Xsj- Now 

^ - <p\d$ = f u (f u MO - «(C)lx ej -(« " C)dA(C)) ^(z), 

where as above, Uj, u are psh functions in U such that (fj = Uj — 7 and 
93 = u — 7 in {/, 7 is a local potential of in U and dA denotes the Lebesgue 
measure in U. The lemma will be proved if we can show that f Wjd/j, — ► 0, 
where 

«,,-(*) := / K(C)-«(C)lx e ,(^-C)rfA(C). 

j u 

Define Uj := (sup^>j This is a sequence of psh functions in J7 which 

decrease towards u. Observe that Uj > max(u, Uj) so that 

It follows from the monotone convergence theorem that J {uj*Xej~ u )d^ — > 0, 
while / (</?j — <£>)d/x — > by the first part of lemma. Therefore J* Wjdfi — > 
and we are done. □ 

It follows from previous lemma and theorem 4.6 that /U = 0^. This proves 
theorem 5.2 when p > 1. Assume now p = 1. Following an idea of U.Cegrell 
[9] we consider the set C of probability measures v such that for all <p G 
PSH(X,0)nL°°(X,0), sup x p = -1, one has 

1/2 



O<^(-<^<C o (^(-^) 2 2 



where Co = Cq(X,0) is the constant given by lemma 5.5 below. The set C 
is a convex compact set of probability measures which contains all measures 
0^, where u G PSH(X,0) is such that — 1 < u < 0: this is the contents 
of lemma 5.5 below. It follows from a generalization of Radon-Nikodym 
theorem [20] that one can decompose 

fj, = jv + a, where v £ C, f € P X {v) and <r 6 C" 1 . 
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Now a is carried by a pluripolar set because C contains all the measures 2 , 
— 1 < u < 0, and [i does not charge pluripolar sets because S 1 (X, 0) C 
thus a = 0. Consider 

Mj == ^min(/,j>, 

where Oj \ 1 so that fJ,j(X) = 1. It follows from theorem 5.2 (case p = 2) 
that there exists a unique G £ 2 (X, 0) with sup x <fj = — 1 and = 0^, . 
We can assume <£>j — ► </? in L 1 (X). Now 



so that sup,,- f(—<Pj)0p j < +00 hence (p G <S 1 (X, 0) (see theorem 4.8). We 
set 

$j := (sup and Fj := inf <5fc min(/, k). 

k>j k >j 

Clearly G <S 1 (X, 0) with <!>., \ 99 and Fj /* /. It follows from a classical 
inequality of J.-P.Demailly [11] that 

0|. > Fj-i/. 

We infer 2 > whence equality since these are both probability measures. 
This finishes the proof of theorem 5.2. 

Lemma 5.5. There exists Cq = Cq(X, 0) > 1 such that for all ip G PSH(X, 0)f~l 
L°°(X), sup x p = -1, and /or aM u G PSH(X,0) D L°°(X), -1 < u < 0, 
one has 

1/2 



o< j x (-v) 2 0l<c o (j x (-v) 2 0l 

Proof. It follows from Stokes theorem and Cauchy-Schwarz inequality that 

j(-^) 2 2 u - y (-</?) v < 2 j (-<p)(-u)0 v a [0+0J 

< 2V2 (J (-ip) 2 0^ A [0 + u ] 



< 2V2(2j{-v) 2 0l + J{-p? 



1/2 

1/2 



0^ A (id c u 



Now f(-<p) 2 v Add c u < 2 /(-^(-^a < 2 /(-y?) 2 2 and J(-^) 2 2 is 
bounded from above by a uniform constant that only depends on X, 0, since 
we have normalized ip by sup^ p = — 1. The lemma follows. □ 



6. Capacity of sublevel sets 

In this section we want to connect the condition p G £ P (X, 0) to the 
size of the sublevel sets (ip < —t) measured by the complex Monge-Ampere 
capacity Cap : the smaller (tp < —t), the better the exponent p for which 
ip G £ P (X, 0). This will allow us to give several examples of unbounded 
functions <p G £ P (X, 0), as well as examples of probability measures fi such 
that £ P (X, 0) C L p {n). The basic tool to establish this connection is the 
comparison principle which we now recall (see [19] for a proof). 
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Proposition 6.1. Let p, ip G PSH(X, 0) n L°°(X). Then 



I ^1 



4- 

{<p<i>) J ('p<iP) 



As earlier p denotes a real number > 1 and 0-psh functions p> are normal- 
ized so that sup x ip = — 1 (unless otherwise specified) . We set 

ep(<p) := / HF< + 2 f (-^ +1 0A0,+ f (-p) p+2 2 . 

This is a well defined quantity as soon as p G £ P (X, 0) and 99 G L p+1 (0A0 (f3 ), 
for instance when 99 G 0). In the sequel we shall say that a function 

/i > 1 belongs to L q (Cap ) if the following integral converges 

/r+00 
h q dCap :=q J t q - 1 Cap (h > t)dt < +00. 

The following lemma establishes the basic connection between capacity of 
sublevel sets and the energy e p (p). 

Lemma 6.2. Assume p G £ P (X, 0) n L p+1 (0 A 0^) is normalized so that 
sup x p = —1. Then 

— [ (-VT0I < [ (-p) p+2 dCap < 2 p+2 e p {p). 
P Jx Jx 

In particular if ip £ £ P (X,0), then there exists > s.t. for all t > 1, 
Cap (iP < -t) < C^/tP+K 

Conversely if there exists > such that Cap (tp < —t) < C^,/t p+2 for 
all t > 1, then p G £ q (X, 0) for all q < p. 

Proof. It follows from the comparison principle that for all t > 1, 

(6) / 0% < t 2 Cap (p < -t). 

J(<p<-t) 

Indeed set cp s := max(v?, -s), where s > t. Then p s G PSH(X,0) n L°°(X) 
and p s = p near the boundary of (p < —t), hence 

/ <=j <■ 

J{(p<-t) J{tp<-t) 

Consider u = p s /s G PSH(X, 0). Then -1 < u < and s~ 2 0^ s < 2 u , hence 



-2 / 0^. < / 0I < Cap {p < -t), 
s J(<p<-t) J{tp<-t) 

which yields (6) by letting s \ t. We infer 

p r+00 
< J x (-^l =PJ t v ~ l 0%^ < ~t)dt 



^00 



< p I t p+1 Cap (p < -t)dt = I (-p) p+2 dCap 

Ji P + 2 Jx 

The second inequality also follows from the comparison principle. We 

need to estimate Cap (p < —t) from above, for t > 1. Fix u G PSH(X,0) 

with — 1 < u < and observe that ip/t G PSH(X,0) with 

(</? < -2i) C < « - 1) C (ip < -t) . 
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Therefore J {ip< _ 2t) 2 < J {ip< _ t) 2 /r Now v/t <0 + t 1 ip , thus 



(7) Cap (v <-2t)< 



l 2 + j0 A 0ip + ^0% 



(tp < -t). 



This yields the second inequality. The remaining assertions are straightfor- 
ward consequences of (6), (7) and Chebyshev inequality □ 

These estimates allow us to give now several examples of functions which 
belong to the classes £ P (X, ). 

Example 6.3. 

1) Assume X = F 2 is the complex projective space and = 0ps is the 
Fubini- Study Kdhler form. We let [zq : z\ : z 2 ] denote the homogeneous co- 
ordinaets onP 2 . Consider ip[zo ■ z\ : z 2 \ = log \\(zi, Z2)\ \ — log | \(zq, z\, z 2 )\\ £ 
£(X, 0). This is a C°° -smooth function in P 2 \ {a}, where a = [1 : : 0], 
which has Lelong number 1 at point a, hence tp ^ £ 1 {X, 0). One can compute 
explicitly 

C 

Cap (tp <-t)~p 

by comparing the capacity Cap with the local Monge-Ampere capacity of 
Bedford and Taylor near point a (see [16]). 

Consider now ip a := —(—(p) a for < a < 1. Then (p a 6 £ P (X, 0) for 
a < 2/(p + 2), as follows from lemma 6.2. 

2) This first example can be slightly generalized as follows. Let tp be any 
0-psh function such that tp < —1. Then tp a := —(—tp) a £ PSH(X,0) 
whenever < a < 1. It follows moreover from lemma 5.2 that tp a £ £ P (X, 0) 
as soon as a < l/(p + 2). In particular every pluripolar set is included in 
the —00 locus of a function tp £ £ P (X, 0), for all p > 1. 

In the same vein observe that := — log(— tp) £ PSH(X,0) if tp < —2. 
Moreover $ £ £ P (X, ) for all p > 1, although is not necessarily bounded. 

3) Assume I = P], x Fj and (x,y) = a(x) + a(y), where a denotes the 
Fubini-Study Kdhler form on P 1 . Assume tp(x,y) = u{x) +v(y) where u,v 
come both from a-psh functions on P 1 , with u smooth while v is singular. 
Then V = a u (x) + a v (y) and 2 = 2a u (x) A a v (y) so that 

tp £ U\0 2 p ) <^v£ L p (a v ) <^tp£ L p {0 A V ). 

In particular one can get tp £ L p (0 2 ) for some p > 1 but tp £ L p+£ (0 A 0ip ) 
whenever e > 0. 

Observe that there are functions in examples 1 and 3 above that belong to 
£ P (X, 0) for some p > 1, but not to £ P+1 (X, 0). The last example explains 
partially why there is a gap in the estimates given by lemma 5.2: we have the 
right exponent when tp £ £ P (X,0) also satisfies tp £ L p+l {0 A 0ifi ), but this 
integrability condition is not necessarily satisfied unless tp £ £ P+1 (X, 0). It is 
satisfied however, when the function tp has singularities in a "small compact" 
(see example 1.4.2). More precisely we have the following: 

Proposition 6.4. Assume tp £ £ P (X,0) is bounded near some ample divi- 
sor. Then tp £ L p+1 (0 A 0^). 
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Proof. Let <p G £ P (X,0), <p < 0, be bounded in a neighborhood V of some 
ample divisor D. We assume for simplicity that the current [D] of integration 
along D is cohomologous to 0. Let ; > be a smooth closed (1, l)-form 
cohomologous to such that 1 = in X \ V. Fix \ < such that = 
0' + dd c x- Assume first ip is smooth. It follows from Stokes theorem that 

< [ (-^) p+1 A0, = I (-<^) P+ V A0,+ / (-ip) p+ \ A dd c X 
Jx JX JX 

<\w£ {v) + {v+mx\\L~ { x) [ ("^<+00. 

Now we can get a similar control on |MIlp+ 1 (0A0 v ) by approximating ip by a 
decreasing sequence of smooth 0-psh functions and by using theorem 4.4. □ 

We now want to give some examples of probability measures which can 
be expressed as 0^, ip G £ P (X, 0). Observe first that if PSH(X, 0) C ^H/")) 
then in particular £ 1 (X, 0) C L 1 ^), hence p = 0^ for some function ^ G 
<S 1 (X, 0). Every measure which decomposes as 

p = Q + dd c (R), 

where is a smooth form and R is a positive current of bidimension (1,1), 
satisfies PSH(X,0) C There are several examples of such measures 

arising in complex dynamics [15]. We don't know if ip is necessarily bounded 
in this case (this is trivially true in dimension 1). 

When jjL = f0 2 has density / G L r (X), r > 1, S.Kolodziej has proved 
[18] that \x = 0^ for some bounded 0-psh function ip. This is because p is 
strongly dominated by Cap in this case (see proposition 6.5 below). When 
the density is only in L 1 , this does not work. Consider for instance fi = f0 2 , 
where / G C°°(X \ {a}) is such that 



J " 1 |M|4(-log|M|)2 

near the point a{= in a local chart). Observe that 

ip(z) := e X (z)log\\z\\ e PSH(X,0) 

if X is a cut-of function such that \ = 1 near a = 0, and e > is small 
enough. Now ip ^ i 1 (/u) but still <S 1 (X, 0) C L l (n). Therefore there exists 
ip G <f 1 (A, 0) such that /x = 0^,, as follows from theorem 5.1. Note however 
that ip £ £ p (A,0) for p > 2. Indeed := ~(-<p) a G £ P (X,0) if a < 
2/(p + 2) (see example 6.3.1) and (p a G L p (p) implies ap < 1, hence p < 2. 

Observe also that there are measures \i = /0 2 with L 1 -density such that 
£ 1 (X, 0) ^ L l (p): one can consider for instance / e that looks locally near 
a = like [| \z\ | 4 (— log | \z\ |) 1+£ ] _1 , for e > small enough. 

In order to give further examples, we need to relate integrability properties 
of \i to the way it is dominated by Cap . This is the contents of the following: 

Proposition 6.5. Let p be a probability measure on X. 
Assume there exists a > p/{p + 1) and A > such that 

(8) fi(E) < ACap (E) a , 

for all Borel set E C X. Then £P(X, 0) C 
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Conversely assume £ P (X,0) C L p (fi). Then there exists < a < 1 and 
A > such that (8) is satisfied. 

Proof. We can assume w.l.o.g. that a < 1. Let <^ G £ P (A, 0) with sup x </? = 
— 1. It follows from Holder inequality that 

/r+oo 
(-<p) p dfi = p J i p ~V(<£ < 

/+00 

/+00 -1 a 

t p Cap {ip < -t)dt . 

The first integral in the last line converges since p— a(p+l) < and the last is 
dominated by C p , a (/ (-ipYdfy* by lemma 6.2. Therefore £ P (A, 0) C L p ( / u). 

Assume conversely that £ P (X, 0) C L p (p). It follows from Theorem 5.1 
that fj, = 0^ for a unique function ^ £ £ P (X, 0) such that sup^ ?/> = — 1. We 
claim then that there exists 7 p G]0, 1[ and A > such that for all functions 
ip £ PSH(X, 0) with -1 < 99 < 0, one has 

(9) 0<j x (-^)%<A 

We leave the proof of this claim to the reader: an application of Holder's 
inequality in the style of section 4 yields j p = (1 — l/p) 2 if p > 1, while 
Cauchy-Schwarz inequality (in the style of lemma 3.6) yields 71 = 1/4. We 
apply now (9) to the extremal function ip = h* E introduced in [16]. It 
follows from theorem 3.2 in [16] that 

<//(£)< / (-h* E0 ) p dfi<ACap (E)^. 
Jx 

□ 

This proposition allows to produce several examples of measures satisfying 
£ P (X, 0) C L p (n) as in the local theory (see [18], [26]). It can also be used, 
together with theorem 5.1, to prove that functions from the local classes of 
Cegrell £ r (fi), a bounded hyperconvex domain of C 2 , can be sub-extended 
as global functions ip £ £ Pr (F 2 , 0fs) (see [10] for similar results). 

7. Generalizations and applications 

In this section we assume X is a compact Kahler manifold of arbitrary 
dimension k > 1, equipped with a Kahler form such that J x h = 1. 

7.1. Higher dimension. Our main results easily extend to higher dimen- 
sion. Apart from the slightly more involved computations, one difficulty we 
face is that of the definition of the complex Monge-Ampere operator (the 
I?- condition on the gradient is not sufficient in dimension > 3). We adopt 
here an ad hoc definition. 



< pA 



p— q(p+l) 

1-Q 



t' 



.Jl 



Ux 
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Definition 7.1. Fix p > 1. We let £ P (X,0) denote the set of functions 
if 6 £(X, 0) such that there exists a sequence pj £ PSH(X,0) n L°°(X) 
with 

PjXp and sup ( / \pj\ p 0* ) < +oo. 

One can then prove similar results that those obtained in section 4, where 
X had dimension 2. Note that most constants will then depend on k = 
dime X, since one has to integrate by parts several times. As an example 
lemma 4.2 becomes: 

Lemma 7.2. Let p,ip e PSH(X,0) n L°°(X) with ip < < 0. Fix p > 1 
and < j < k. Then 

1) o < / x (-^) p fc < / x (-^ p fc - j a £ < ; x (-^0* . 

2) o < j^-^-j a 0% < (p + iy f x {-<pY0 k -i a < 

In particular 



0< / (-V) p 0^<(p + l) fe / (-¥») 



The proof is essentially the same as that of lemma 4.2. The result cor- 
responding to Theorem 4.4 then shows that the complex Monge-Ampere 
operator is well-defined in the class £ P (X, 0) and is continuous on decreas- 
ing sequences. 

Theorem 7.3. Let p G £ P (X, 0). There exists a probability measure fi^ 
such that if (pj) is any sequence of bounded 0-psh functions that decreases 
towards <p, then sup(J \pj\ p 0^ p .) < +00 and for all < q < p , 

(-p^ — (-*>)%■ 

The convergence still holds if (pj ) merely converges to <p in capacity. 

Of course we denote by 0^, the measure n^. The proof is a straighfor- 
ward generalization of that of Theorem 4.4: observe that the monotonic- 
ity implies convergence in capacity. There is again unicity of solutions to 
Monge-Ampere equations in the class £ 1 (X, 0): 

Theorem 7.4. Let p, ip G £ 1 (X, 0) be such that 0^ = 0^. Then p — ip is 
constant. 

Since the proof is technically more involved than that of Theorem 3.4, 
but relies on the same ideas, we only sketch it. 

Sketch of proof . The idea is again to prove that V/ = 0, where / := p — if). 
We want to get a bound from above f df A d c f A k ~ l by a function of 

/(-¥>)0j> /(-'0)0j. and I d f A dc f A E a +/3=fc-i 0? A0J, which vanishes if 
this last integral is zero. We will be done since by Stokes Theorem, 

/d/Ad c /Al Yl >4 I = /"/«-<) =0- 
J \ a +f3=k-l J J 

Let T be a positive closed current of bidegree (k — 2, k — 2). The clue of 
the proof lies, as in 3.4, in the following integrations by parts. Observe that 



j <lf ■ d c f ■ / T j df A d c f A < V / V j a dd r p," T / -! [J. 



28 



VINCENT GUEDJ & AHMED ZERIAHI 



Now 

// = J df A d c p A V A T - J df A (ftp A 0^ A T = II' + J J", 
and we estimate II' and II" by using Cauchy-Schwarz inequality, 

II' < ^ df A d c f A V A 7 ■(^JdpAd c pA0 v AT^ / , 

and similarly for 77". We now use these estimates by putting T = k ~ 2 , 
then T = k ~ 3 A V or T = k ~ 3 A 0^, T = a A 0^ A 0^. Each 
term of the form J dp A d c p A U A T, u = p> or ip, will be dominated 
from above by max(J (— p)0 k o \ f (—ip)0 k b ), thanks to the k-dimensional ver- 
sion of proposition 3.2. Each term of the form f df A d c f A U A T will 
eventualy be dominated by integrals of the form f df A d c f A 0-jp A 0^, 1 ^ 
which are all bounded from above by J df A d c f A Yl a +(5=k-i ^% ^ 4>- ^ 

All other results from previous sections generalize easily and yield the 
following higher dimensional version of Theorem 5.1: 

Theorem 7.5. Let fj, be a probability measure on X and fix p > 1. Then 
there exists a unique function ip £ £ P (X,0) such that 

[1 = 0*1 and supV' = — 1 
x 

if and only if£ p (X,0) C 7 p (/i). 

7.2. Complex dynamics. Functions of the class £ 1 (X, 0) and probability 
measures \i such that £ 1 (X, 0) C 7 1 (/i) naturally arise in complex dynamics. 
Namely let / : X — > X be a meromorphic endomorphism whose topological 
degree dt(f) is large in the sense that dt(f) > h-iif), where lk-i(f) denotes 
the spectral radius of the linear action induced by /* on H k ~ 1 ' k ~ 1 (X, R). 
In this case there exists a unique invariant measure /if of maximal entropy 
which can be decomposed as 

H f :=e + dd c (T), 

as was proved by the first author in [15]. Here O is a smooth probability 
measure and T > is a positive current of bidegree (k — l,k — 1). In 
particular 

£\X,0) C PSH(X,0) C 7 1 (/x), 

as follows from Stokes theorem (see Theorem 2.1 in [15] and Example 2.8 
in [16]). It follows therefore from our main result (Theorem 5.1) that there 
exists a unique function gj £ <S 1 (X, 0) such that sup X 9f = — 1 an d 

H f = {0 + dd c g f ) k . 

It is an interesting problem to establish further regularity properties of gj 
in order e.g. to estimate the pointwise dimension of the measure [if. 

In a similar but slightly different direction, let us consider now the case 
where X = P 2 is the complex projective plane equipped with the Fubini- 
Study Kahler form 0, and / : P 2 — > P 2 is birational, i.e. d t (f) = 1, with 
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h(f) > 1. When / satisfies a technical - but generic - condition, E.Bedford 
and J.Diller have constructed in [2] a canonical invariant probability measure 

/If := 0g+ A0g~, 

where the dynamical Green functions G £(P 2 ,0) are such that G 
L l {nf). The functions g + ,g~ do not belong to the class <S 1 (P 2 ,0) because 
they have positive Lelong numbers at points of indeterminacy of the map- 
pings f n , h£Z, however we have the following result. 

Proposition 7.6. Set g := max(g + ,g~). Then g G ^(P 2 ^). 

Proof. We can assume without loss of generality that g + ,g~ < 0, hence 
g < 0. It follows from Proposition 1.3.3 that g G £(X,0), hence the Monge- 
Ampere measure 2 g is well defined. Now 

< j x (-9)0 2 g < j x (-9 + )4 = j (~9 + )0 A g + jj-g + )dd c g A g . 

The first integral in the RHS is finite thanks to Proposition 1.3.1. The last 
one can be bounded from above, using Stokes theorem and Proposition 1.3.1 
again, 

/ {-g + )dd c g A g = / {-g)dd c g + A g < f {-g)0 g + A0 9 + O(l) 

JX JX JX 

Using a similar integration by parts, we obtain 

/ (-g)0 9 +/\0g< / (-<T)0 9 +A0 g < / (-g)0 g+ A0 g - +0(1), 
JX JX JX 

hence 

/ {-9)0 2 g< [ {-g)0g+ f\0g- +0{l)< l (~ 9 + )dfl f + O (1) < +<X . 

□ 

It is an interesting problem to determine whether [if = (0 + dd c g) 2 . This 
is the case when e.g. / is a complex Henon mapping, and it would imply - 
by the converse to our main result Theorem 5.1 - that £ l (f 2 ,0) C L 1 (///), 
hence in particular fif does not charge pluripolar sets (by Example 6.3.2). 

7.3. Kahler-Einstein metrics. It is well-known that solving Monge- Ampere 
equations 

[MA](X,0,n) (0 + dd c ip) k = n 

is a way to produce Kahler-Einstein metrics (see [8], [1], [25], [22], [18]). 
In the classical case, the measure /(/ = f0 k admits a smooth density / > 0. 
When the ambient manifold has some singularities (which is often the case in 
dimension > 3), one has to allow the equation [MA](X,0,/i) to degenerate 
in two different ways: resolving the singularities ir : X — ► X of X yields a 
new equation [MA](X,0,jj,), where 

(1) {0} = {ir*0} is a semi-positive and big class (one looses strict posi- 
tivity along the exceptional divisors); 

(2) /i = f0 k is a measure with density < / G L p , p > 1, which may 
have zeroes and poles along some of the exceptional divisors. 
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We have focused in this paper on the second type of degeneracy. We would 
like to mention that our techniques are supple enough so that we can pro- 
duce solutions ip € £ Y {X, 0) to the Monge- Ampere equations [M4](l, 0, /2), 
even when {0} is merely big and semi-positive rather than Kahler. We will 
develop this in our forthcoming article [14]. 
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